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Abstract—The modern structural diagnosis process is rely on 
vibration characteristics to assess safer serviceability level of the 
structure. This paper examines the potential of change in 
flexibility method to use in damage detection process and two 
main practical constraints associated with it. The first constraint 
addressed in this paper is reduction in number of data 
acquisition points due to limited number of sensors.  Results 
conclude that accuracy of the change in flexibility method is 
influenced by the number of data acquisition points/sensor 
locations in real structures. Secondly, the effect of higher modes 
on damage detection process has been studied. This addresses the 
difficulty of extracting higher order modal data with available 
sensors.  Four damage indices have been presented to identify 
their potential of damage detection with respect to different 
locations and severity of damage.  A simply supported beam with 
two degrees of freedom at each node is considered only for a 
single damage cases throughout the paper.     
Index Terms— Change in flexibilty method; damage detection, 
damage indices 
I.  INTRODUCTION  
Most structures, especially bridges are subjected to loads 
which are susceptible to change both in magnitude and pattern 
and to structural degradation during their service life. These 
factors can have damaging effect on the serviceability and 
ultimate capacity of the structure which may result in loss of 
lives and property in the case of sudden failures. This 
necessitates the use of structural health monitoring systems to 
detect damage, its nature, and severity and thereby to estimate 
the health and the remaining service life of the structure.  
The structural health monitoring is a data to decision 
cascade process involving: (1) instrumentation and data 
collection, (2) data processing, cleansing, and feature 
extraction, (3) data storage, (4) data interpretation, relating 
data to structural condition, and (5) use of data to make 
informed management decisions [1]. This process can be 
achieved by both active and passive monitoring approach. 
Currently, repeated or periodic inspection strategies 
incorporated with passive monitoring techniques are not 
preferred to be used in structural health monitoring process by 
themselves alone. Of late, continuous monitoring techniques 
has gain more popularity in structural health monitoring due to 
the advancement in modern sensor technology. Additional, 
research and development activities related to damage 
assessment of structures using vibration characteristics are 
recognized as subject matter worldwide. In line with 
continuous development of sensor technology, future 
structural health monitoring systems will be smart to routinely 
detect non-visible damages such as internal cracks due to 
reinforcement corrosion enabling alarms for early warnings 
without human intervention.  
Contrast to the passive systems, active monitoring systems 
analyse the vibration characteristic of the structure which are 
extracted from sensors attached to the structural components 
with minimum interruption to the service level. Hence, 
vibration based damage detection methods which enable 
proper data interpretation to localize, quantify and identify the 
nature of the damage, has gained research interest in the 
context of structural diagnosis process [1, 2]. Common 
vibration based damage detection methods presented in 
literature are: (1) Change in natural frequency [3, 4-6], (2) 
Change in mode shapes [5, 7-8], (3) Change in mode shape 
derivatives [8, 9-11], (4) Change in flexibility [12-15], and (5) 
Change strain energy [9, 14-17]. The flexibility based damage 
detection algorithms have been motivated over other 
techniques such as stiffness based methods considering the 
fact that dynamically measured flexibility matrix is dominated 
by lowest modes of a structure, which can be easily measured.  
Damage localization and quantification has been studied 
into great extent in literature. However, these studies have not 
addressed two main practical constraints, (1) reduction in 
number of data acquisition points, and (2) difficulties of 
extracting higher modes. Two constraints mentioned above, 
can impart the accuracy and the sensitivity level of change in 
flexibility method. 
Therefore, this paper focuses on change in flexibility 
method to examine the accuracy of damage detection with 
reduced number of data acquisition points. This will attempt to 
simulate and study the reliability of the predicted results in 
case of reduced number of sensors.  Further, the significant of 
higher modes on damage detection has been studied.  
The study was carried out using finite element model of a 
simply supported beam. The computer simulation has been 
validated using experimental results presented by Shih et al. 
[14-15]. 
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II. CHANGE IN FLEXIBILITY METHOD 
A. Recent Studies 
Structural damage is defined as a measurable increase in 
the incremental local flexibility (LF) of a critical region by 
Aktan et al. [18]. In this case, change in flexibility can be used 
as an indicator of the presence of structural faults in a structure. 
Shih et al. [14-15] used the change in flexibility method 
(damage index α4 presented in following sections) as one of 
the damage indicator of the proposed multi-criteria approach. 
Different approaches of using change in flexibility method has 
been presented by Pandey, A.K. and Biswas, M. [12-13], 
Aktan et al. [18]. However, a comparison of different forms of 
change in flexibility damage indices and the influence of 
number of measurements made on accuracy of predicted results 
has not been presented in the literature. Hence, this paper 
presents four types of damage indices based on change in 
flexibility to study their potential and limitations of damage 
identification. The use of higher modes and their contribution 
on damage detection for different damage indices are 
discussed. Further, a reliability analysis with reduced number 
of nodal displacements has been presented to study the 
potential of damage detection with reduced number of sensors 
which might be resulted with real applications. 
B. Theory 
The flexibility of a structural element is given by; 
  
Where [F] is the modal flexibility matrix, [Φ] the mass 
normalised modal vector, and [1/ω2] the diagonal matrix 
containing the reciprocal of the square of natural frequency 
(circular frequency) of the structure.  
The element corresponding to the i
th
 row, and j
th
 column, 
ij of the mass normalised modal vector, [ ] is given by; 
 
Where aij is the modal displacement value corresponding to 
the j
th
 mode of the i
th
 node, {a}j is the modal displacement 
vector corresponding to the j
th
 mode, and [M] is the mass 
vector.  
The simplest form of change in flexibility between intact 
and damaged state of the structure is given by; 
 
Where the superscript ‘d’ and ‘h’ denote for the damaged and 
intact states of the structure respectively. In present study, 
different means of change in flexibility have been discussed to 
identify their potential and limitations of damage 
identification. Four damage indices considered in this paper 
are as follows. 
1.   
for mode j 
2.  
for mode j 
3.  
Considering 1
st
 mode to m
th
 mode 
4.  
considering 1
st
 mode to m
th
 mode 
In following sections, the above mentioned forms of 
change in flexibility values are referred as damage indices. 
III. METHOD 
Finite element analysis technique was used to simulate 
different damage scenarios described in following sections, and 
further to extract vibration characteristics, namely, (1) circular 
frequency, and (2) modal displacements of structural elements. 
These data were treated as the input for MATLAB programme 
written by authors which calculates the flexibility values at 
each node for each degree of freedom for a simply supported 
beam. The nodal flexibility values corresponding to intact state 
and damaged states of structure were used to calculate the 
above mentioned four α parameters representing in 4 to 7. 
A. Calculation of Flexibility at each node: MATLAB Program 
 
 
Figure 1: Schematic representation of the MATLAB Program 
A MATLAB program which is capable to calculate the 
flexibility matrix for a beam like structure using the modal 
output from finite element program was developed for the 
parametric study as outlined in Figure 1. The circular 
frequency and the modal displacement values from SAP2000 
finite element program are used in matrix format as the main 
input values. The program is capable to calculate the number of 
nodes, modes and degrees of freedom from dimensions of the 
above two input matrices. Based on the length of the beam and 
the number of nodes, the element size along the longitudinal 
axis is determined assuming that all elements are equal in 
length. Further, dimensions of all matrices (displacement 
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matrix, consistency mass matrix [M]) are determined and null 
matrices are assigned at the preliminary process. The modal 
displacement values at each node are rearranged and assigned 
to the matrix [A] in the first step to reduce the complexity of 
the algorithm. The developed program is capable of calculating 
the structure consistency mass matrix [M]. Equation (2) is used 
to calculate the mass normalized modal vector [ ]. Finally, (1) 
is executed to calculate the flexibility matrix [F]. 
IV. RESULTS AND DISCUSSION 
A simply supported beam structure has been considered 
for the presented parametric study of change in flexibility 
method. Two degrees of freedom (deflection in direction 3 
(U3), and rotation about axis 2 (R2)) at each node is considered 
as shown in Figure 2 and 3. 
 
Figure 2: Simply supported Beam Element 
 
 Figure 3: Coordinate System and Degrees of Freedom 
The calibrated finite element model was used to simulate 
different damage scenarios. In all cases, free vibration analysis 
was carried out to obtain vibration parameters of the structure 
(circular frequency, and mode shapes). Using the developed 
MATLAB programme, the flexibility matrices were extracted 
to study the following cases. 
1. Single Damage for different damage location 
2. Single Damage for different depth of damage 
3. Accuracy of the predicted results using reduced 
number of measurement points 
A. Comparison of different damage indices 
This section compares different damage indices and checks 
the significance of higher modes on damage detection 
considering two damage locations, (1) damage at mid span, 
and (2) damage at quarter span. 
A simply supported beam which is 2.8m in length and 
20mm by 40mm in cross section made of steel was considered 
in the present finite element simulation.  
The variation of damage indices α1 and α2 along length of 
the beam for the first three modes are as given in Figure 4(a, b, 
c) and 5(a, b, c) respectively when damage is inflicted at mid 
span. Although all the modes captured abrupt change in 
damage indices at damage location, the graphs corresponding 
to the higher modes are complex. For example, in Figure 5(c) 
the peak values are not coinciding with the damage location 
but with the node points of the third mode shape. 
To identify the significance of higher modes on detection 
of damage, the case where the single damage was inflicted at 
mid span of the beam was considered for the first two damage 
indices (α1 & α2). The orders of the peak values of first two 
damage indices (α1 & α2) for different modes are listed in 
Table 1. The values given in Table 1 depict that higher modes 
are significant for damage detection using index α2 but not for 
the α1. Hence, for damage index α3, higher modes might be 
significant. But, the damage localization would be difficult 
due to complex shapes of change in flexibility curves (eg: 
Figure 6 - considers first six modes). 
 
     
 (a): Mid Span Damage: α1-First Mode 
 
 
 (b): Mid Span Damage: α1- Second Mode 
 
 
 (c): Mid Span Damage: α1- Third Mode 
Figure 4: α1 vs. Distance when damage at the mid span 
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  (a): Mid Span Damage: α2-First Mode 
 
 (b): Mid Span Damage: α2-Second Mode 
  
 (c): Mid Span Damage: α2- Third Mode 
Figure 5: α2 vs. Distance when damage at the mid span 
 
Table 1: Order of α1 and α2 for different modes 
Mode  α1 α2 
1 10
-4
 10
-2
 
2 10
-9
 10
-3
 
3 10
-7
 10
-1
 
4 10
-9
 10
-2
 
5 10
-7
 10
0
 
6 10
-10
 10
-2
 
7 10
-8
 10
-1
 
8 10
-9
 10
0
 
9 10
-8
 10
0
 
10 10
-8
 10
0
 
  
Figure 6: α3 vs. Distance considering first six modes (damage: mid span) 
 
Similar to the index α1, higher modes are insignificant for 
damage localization using damage index α4. The Figure 7 
indicates that damage localization is outweighed by the first 
mode for the damage index α4.  Same results were noted when 
the damage was inflicted at quarter span as shown in figure 8. 
 
Figure 7: α4 vs. Distance, Damage location: Mid Span 
 
 
Figure 8: α4 vs. Distance, Damage location: Quarter Span 
 
For complex structural arrangements, the versatility of 
damage index α4 has been proven by recent studies [16, 17]. 
Hence, only the damage index α4 will be considered in 
following sections. 
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B. Damage index, α4 with damage location and depth of 
damage: single damage case 
 
 
Figure 9: α4 vs. Distance, Damage location: x/L = 5/32 
The peak values of damage index, α4 is coincided with the 
damage location when the damage is located beyond 5L/32 
from the support in the case of simply supported beam (as 
shown in Figure 7, 8). When the damage location is within a 
distance of 5L/32 from the support, the peak value of the 
index is shifted towards the support location as in Figure 9. 
But, a clear change in gradient of the curve can be observed at 
the damage location. This indicates that it would be possible to 
detect the damage only by formulating complex damage 
detection algorithm based on the gradient of the curve.    
The peak value of α4 coinciding with the damage location 
(beyond 5L/32 from the support) has a polynomial 
relationship with distance along the beam. Figure 10 shows 
the maximum α4 vs. distance along the beam for different 
depth of damage, 10%, 20%, 30%, and 40% of depth of the 
beam. Figure 11 represents the maximum α4 vs. depth of the 
damage for different damage locations along the beam (5L/32, 
L/4, 5L/16 and L/2). As shown in Figure 10 and 11, the 
maximum α4 possesses a polynomial relationship with damage 
location and depth.  
The relationship can be expressed as in (8) for the 
maximum α4 vs. distance and as in (9) for the maximum α4 vs. 
depth of damage. 
 
 
Where; y = maximum α4, x = (x/L), x = distance along the 
beam, L = Total length of the beam, (a1, a2 … an) = 
coefficients which depends on the depth of damage, (b1, b2 … 
bn) = coefficients which depends on the damage location. 
In the present study, 6
th
 order and 3
rd 
order polynomial 
relationships were best fitted with the results. Three 
dimensional plot of maximum change in α4 with percentage 
depth of damage and location is shown in Figure 12. 
  
Figure 10: Max (α4) vs. Location (x/L) for different damage depths  
 
Figure 11: Max (α4) vs. Depth of Damage (%) for different locations 
 
Figure 12: Max (α4) vs. Depth of Damage (%) and Damage Location 
C. Effect of number of measurements 
One of the practical limitations associated with all 
vibration based damage detection technique is the number of 
sensors that can be utilised in real structures to acquire data. 
Hence, it is important to assess the sensitivity of results of any 
prediction technique based on reduced number of data. To 
simulate and study the potential of damage detection using 
change in flexibility method in this context, reduced number 
of nodal displacements were considered for input values in 
MATLAB programme. The same mesh size was considered in 
all cases, but the number of nodal displacements generated 
from output file was controlled. To simulate very fine grid of 
sensor locations, 140 nodes were considered in the first case. 
Step by step coarser grids were considered by reducing 
number of nodes to 40, 20, 10 and 5. The case where only 5 
nodes were selected can be considered as the case when 
sensors are located in a coarser grid with higher distances 
between sensors. In all cases, the distance between selected 
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nodes were equal and therefore it might have resulted different 
locations of data acquisition points.  
Results shown in Figure 13 correspond with the case of 
mid span damage. It depicts that with 5 nodal displacements, 
the change in flexibility method failed to identify even the 
damage location. But in all other cases, damage index could 
detect the damage location very clearly. Also, the peak value 
under damage location (at centre of the beam) remained 
almost unchanged. Hence, results depict that damage index α4 
is capable of detecting damage with reasonable number of 
nodal displacements.  
 
Figure 13: α4 vs. Distance (x/L): Varied number of nodal displacements 
V. CONCLUSION AND FUTURE WORK 
Use of higher modes for damage detection would make it 
difficult to detect the damage as shown in Figure 6. The first 
mode is preferred in case of simple structural arrangements as 
considered in present study.  In the presented results, the peak 
value of the damage index, α4 coincided with the damage 
location, proving the potential of damage detection. However, 
damage index, α4 failed to detect damage closer to the support, 
particularly when damage location is within 5L/32 distance 
from support. However, the graphically damage could detect 
using abrupt change at damage location though the peak value 
moved towards the support location. Hence, it might be 
possible to develop complex forms of algorithms using higher 
order derivatives such as gradient of curves.  
The maximum α4 value corresponds to the damage location 
showed polynomial relationships with damage location and 
depth. 6
th
 order polynomial functions and 3
rd
 order polynomial 
functions were best fitted with maximum α4 vs. damage 
location and maximum α4 vs. depth of damage respectively in 
the present case. Hence, once damage location is detected, the 
damage can be quantified using appropriate equations in the 
form (9). Alternatively, the three dimensional plots such as in 
Figure 12 can be used for the same purpose.  
The final section of the paper clearly presented that the 
number of data acquisition points have impact on the potential 
of damage detection. Hence, reasonable number of sensors 
should be placed in case of real scale health monitoring 
schemes. The optimum placement of sensors and exact number 
of sensors required are out of the scope of this research and 
hence remains for future studies. Further, multiple damage 
scenarios, continuous structural arrangements, composite 
actions need to be addressed with further progress of this 
research.  
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